We extensively study BPS solutions of the low energy effective theory of M5-brane in large C-field background. This provides us an opportunity to explore the interactions turned on by C-field background through the Nambu-Poisson structure. The BPS states considered in this paper include the M-waves, the self-dual string (M2 ending on M5), tilted M5-brane, holomorphic embedding of M5-brane and the intersection of two M5-branes along a 3-brane.
Introduction
As M theory unifies all superstring theories [1] , various D-branes in superstring theories correspond to M2-branes and M5-branes in M theory [2] . Analogous to how D-branes play a crucial role in string theories, M2-branes and M5-branes are also the key ingredients in M theory, and have been a focus of research interest.
A recent progress made in this direction was the construction of the low energy effective theory for a single M5-brane in the large C-field background [3, 4] . 4 A salient feature of this model is the Nambu-Poisson structure which dictates the gauge symmetry and interactions. We will review this theory in the next section, and refer to this theory as the Nambu-Poisson M5-brane theory, or NP M5-brane theory in short. Although the ordinary M5-brane theory [6] can also describe C-field background, the difference lies in the way C-field is scaled together with other parameters in the low energy limit (see eqs. (1)- (3) below). The relation between NP M5-brane theory and the ordinary M5-brane theory is analogous to the relation between the noncommutative D-brane action and the DBI-action [7] The purpose of this work is to give an extensive (but not exhaustive) search of BPS states that preserve one half of the supersymmetry in the NP M5-brane theory, as a further step to understand the physics of M5-brane in large C-field background.
The plan of this paper is as follows. We review the NP M5-brane theory in Sec. 2. In Sec. 3 we systematically study BPS configurations. We organize the BPS solutions according to the number of scalar fields that are turned on, that is, the number of transverse directions on the M5-brane that have nontrivial fluctuations. The light-like BPS states that are pure gauge field configurations are given in Sec. 3.1. There we observe the interesting fact that there exist static configurations that do not satisfy equations of motion, but they satisfy all BPS conditions (i.e. they preserve partial supersymmetry). We will briefly comment on the validity of the folklore that BPS conditions imply equations of motion. In Sec. 3.2, we turn on a single scalar field and describe self-dual string solutions which represent M2-branes ending on M5-branes along a one-dimensional brane. Due to the C-field background, rotation symmetry on the M5-brane is broken and the self-dual string solution depends on the direction along which it extends. We also shortly comment on a solution representing a tilted M5-brane, on which the gauge field strength has to be turned on to preserve SUSY due to the C-field background. In Sec. 3.3, we study BPS states for which the M5-brane is a Kähler manifold in the spacetime. This class of solutions include the special case representing the intersection of two M5-branes along a 3-dimensional brane. We find that the gauge field has to be turned on if two or more of the transverse directions are excited on the M5-brane with nontrivial dependence on the 3 directions chosen by the C-field background. Finally, in Sec. 4 we conclude with remarks on potential future research directions.
Review of M5-brane in C-field background
Analogous to how a D(p + 2)-brane with a background flux can be constructed from infinitely many Dp-branes [8] , an M5-brane can be constructed from infinitely many M2-branes. The low energy effective theory of a single M5-brane in large C-field background [3, 4] can thus be derived from the Bagger-Lambert action [9] for multiple M2-branes in M theory by choosing the Nambu-Poisson algebra as the Lie 3-algebra of gauge symmetry. We will refer to this theory as the "NP M5-brane theory" and give a brief review in this section.
The NP M5-brane theory is a good description of the M5-brane in C-field background in the simultaneous low energy and large C-field limit defined by the scaling relations [10] 
with ǫ → 0, where ℓ P is the Planck length and g (M ) is the spacetime metric. The convention of the indices here are that the dotted indices (μ,ν =1,2,3) label the directions in which the C-field component dominates. The remaining three worldvolume directions are labeled by µ, ν = 0, 1, 2, which are the worldvolume directions of the infinitely many M2-branes constituting the M5-brane. The component C µνλ (essentially just C 012 ) is determined by C˙1˙2˙3 through the nonlinear self-duality condition on the M5-brane. The scaling limit eqs.
(1)-(3) implies that C 012 is negligible in comparison with C˙1˙2˙3 [10] . This scaling limit defined by eqs. (1)- (3) is analogous to the zero-slope limit of Seiberg and Witten [7] in which the low energy effective theory of a D-brane in large B-field background can be conveniently described as a noncommutative gauge theory. Indeed the Nambu-Poisson gauge symmetry is analogous to the noncommutative gauge symmetry, but it is not a full-blown generalization of the latter. Instead it is an extension of the Poisson structure, which is the leading order approximation of noncommutative structure in the 1/B-expansion.
The low-energy effective theory of a D4-brane in IIA superstring theory should be related to that of the M5-brane via double dimensional reduction (DDR). In Ref. [4] , it was shown that when one of the directions of xμ is compactified, the NP M5-brane theory reduces to the low-energy effective theory for D4-brane in the large B-field background. More recently, the low energy effective theory for a D4-brane in large C-field background was derived from the NP M5-brane theory via DDR along the direction of x 1 or x 2 [12] .
The BPS states studied in this paper should have their counterparts on a D4-brane in large C-field background [13] .
Action
The M5-brane theory has the N = (0, 2) supersymmetry in 6 dimensions. The field content of the low energy effective theory is composed of a 2-form potential bμν (μ,ν = 0, 1, 2,1,2,3), 5 scalars X I (I = 6, 7, 8, 9, 10) and their fermionic superpartner Ψ, which is half of an 11-dimensional Majorana spinor, equivalent to two 6-dimensional Weyl spinors. An important feature of the theory is that the gauge field sector is a self-dual gauge theory, hence the number of independent polarizations of the 2-form potential is 3, and the on-shell degrees of freedom for both bosons and fermions are 8 times that of a scalar. In the following, the signature of spacetime is given as η = diag(− + · · · +) in our convention. The linearized action for an M5-brane in a large C-field background was found in [3] , and then the complete nonlinear version in [4] . It is
where T M 5 is the M5-brane tension and
In this so-called "3+3 formulation" [14] of self-dual gauge theory, we only need the components b µμ and bμν of the 2-form potential, while the components b µν do not appear until equations of motion are solved. The Nambu-Poisson bracket {·, ·, ·} is used to define the algebraic structure for gauge symmetry. In general it satisfies Leibniz rule, fundamental identity, and here it is defined by {f, g, h} = ǫμνλ∂μf ∂νg∂λh.
The covariant derivatives are defined by
and the field strengths are defined by
5 Ψ here was denoted by Ψ ′ in [4] . It is chiral, i.e., Γ 7 Ψ = Ψ, where Γ 7 is chirality operator in 6 dimensions defined by
where H is the linear part of the field strength
In the above, we used the notation
Notice that in the action all appearances of b µμ can be simply expressed in terms of B µμ except the Chern-Simons term S CS (eq. (7)). While bμ determines bνλ uniquely, B µμ does not determine b µν uniquely. Nevertheless, with the constraint
b µν can be determined by B µμ up to a gauge transformation. Therefore, the physical degrees of freedom represented by bμν and b µν can be equivalently represented by bμ and B µμ .
Symmetries
The M5-brane action (eq. (4)) respects the worldvolume translational symmetry, the global SO(2, 1) × SO(3) rotation symmetry, the gauge symmetry for the 2-form gauge potential and the 6-dimensional N = (2, 0) supersymmetry.
Gauge symmetry
The Abelian gauge transformation of a 2-form potential bμν is
where Λμ is the 1-form gauge transformation parameter. A remarkable feature of the NP M5-brane theory is that this higher form gauge symmetry is non-Abelianized. The gauge transformation laws are
where
Eq. (21) and (22) can be more concisely expressed in terms of bμ and B µμ as
In terms of X I , Ψ, bμ and B µμ , the gauge transformation parameter Λ µ does not appear, and all gauge transformations can be expressed solely in terms of κμ, without referring to Λμ at all, as long as one keeps in mind the constraint
As it can be easily seen from eq. (20) , which is equivalent to a general coordinate transformation δxμ = κμ by a divergenceless function, that the manifest gauge symmetry is the volume-preserving diffeomorphism for the volume-form defined by the large C-field background.
Supersymmetry
Like Ψ, the SUSY transformation parameter ǫ can be conveniently denoted as an 11D Majorana spinor satisfying the 6D chirality condition
The SUSY transformation law is given by
The above is a linear SUSY transformation. There is also a nonlinear SUSY
Super Algebra and Central Charges
The super algebra of the BLG model was discussed in [15, 16] . The super algebra of the NP M5-brane is essentially the same. Using Noether's theorem, one can calculate the time component of the super current,
The super charge is the spatial integral of
and it is the generator of supersymmetry transformation, so the supersymmetry transformation of fields can be written as
One can compute the anticommutator of the super charges as
6 ǫ here was denoted as ǫ ′ , and δ ǫ here as δ ǫ ′ + 1 g δ χ with χ = Γ123ǫ in [4] .
Finally, the super algebra is of the form
where the definition of each term is given in the following. The first term is the contribution of the energy density
For the sake of convenience to refer to this SUSY algebra later when we consider BPS states, the momentum density (T 0a , a = (α,μ)) is included in Z n together with the central charges.
The symbols Z n are not defined in accordance with conventional classification of the central charges based on their tensorial properties. Instead we classify the terms Z n according to the number (n) of the scalar fields (X I ) we choose to turn on when we look for BPS states. More precisely, when we turn on n scalar fields, we can focus on
Let us now describe each term Z n in order. The convention of notation here is that α, β = 1, 2 andā = (0,μ). We have
If we carry out DDR, the quadratic term in H above becomes a quadratic term in the D4-brane field strength. From the D4-brane perspective, it represents the charge density of D0-branes on the worldvolume of the D4-brane. Therefore, from the viewpoint of the M5-brane, this charge is associated with M-waves propagating on an M5-brane. Next, we have
where the self-duality condition
7 This result was first derived in [16] in the context of BLG model. is used to define H αβμ . The (DX)H term corresponds to the charge associated with the self-dual string. When two scalar fields are turned on, we will need to consider Z 0 , Z 1 and Z 2 , where Z 2 is defined by
The first term D a X I D b X J corresponds to the charge of the 3-brane vortex on the M5-brane worldvolume.
We also have
and
The term
L } is reminiscent of the Basu-Harvey charge, but with the Nambu bracket replaced by the Nambu-Poisson bracket. Finally, the last of Z n is
This term is relevant only if we turn on all 5 scalars X 6 , · · · , X 10 .
BPS Solutions
In this paper, we will only consider bosonic BPS solutions, namely those with the fermion field Ψ = 0. The BPS condition is therefore simply that the SUSY transformation of Ψ eq.(29) vanishes for some SUSY parameters ǫ. In this section, we systematically study 1/2 BPS states by classifying them according to the number of scalars that are turned on.
A generic feature of the BPS conditions is that there is a degeneracy of solutions when the field strength takes a special value
This is the value of the field strength H˙1˙2˙3 when it cancels the background value 1/g of the C-field. (Recall that on the M5-brane the C-field has to accompanied by the 3-form field strength H to be gauge-invariant.) This degeneracy can thus be understood as a result of the breakdown of the basic assumption that subleading terms of higher order in 1/C can be neglected. We will not consider this degeneracy of solutions in the following.
Pure Gauge BPS Configurations
Let us start with pure gauge field configurations with all scalars turned off, i.e.,
The SUSY transformation law of Ψ is then simplified as
When the SUSY transformation parameter ǫ is suitably restricted, corresponding BPS states are gauge field configurations for which the expression above vanishes. We will focus on 1/2 BPS states, for which ǫ is restricted to half of its defining space. Normally, the BPS condition δΨ = 0 is sufficient to ensure the satisfaction of all equations of motion. This is because the preserved SUSY of the BPS states guarantees, through the SUSY algebra, that a certain BPS bound on energy is saturated. Being the lowest energy states, BPS states are stable and expected to satisfy all equations of motion. An assumption behind this hand-waving argument is that the BPS solution under consideration is time-independent. Thus in principle we need to check that all equations of motion are satisfied before we claim the discovery of time-dependent BPS states. In fact, when there are tensor fields, we need to check equations of motion when some time-like components of the tensor fields are turned on.
It turns out that, in the theory of NP M5-brane, there are pure gauge configurations which preserve half of the supersymmetry but do not satisfy all equations of motion. In the explicit examples that we will consider below in Sec. 3.1.2, this intriguing phenomenon seems to be related with the particular nature of chiral bosons.
Therefore, in the following we will need to check the equations of motion for the gauge field [4] ,
when both X I and Ψ are set to 0. Incidentally, the Jacobi identity [4] is
As the 6D Lorentz symmetry of the M5-brane is broken by the C-field background into SO(2, 1) × SO(3), there are two types of light-like directions, depending on whether the spatial component transforms under SO(2, 1) or SO(3). Without loss of generality, we can choose x ± = x 0 ± x˙1, and
as representatives of the two types of light-like directions. We will consider BPS lightlike solutions for both cases. They can be interpreted as M-waves propagating on the M5-brane worldvolume. The corresponding solution in the ordinary M5-brane theory [6] was found in [11] .
3.1.1 Light-Like BPS Solutions:
For ǫ satisfying
the BPS conditions are
We would like to find configurations (bμν, B µμ ) that satisfy these conditions. Their solutions preserve one half SUSY, and the associated BPS bound on the energy density is given by
in agreement with the central charges.
First we impose a gauge fixing condition to reduce the number of independent components of bμν. There are 3 components in bμ with 2 independent gauge transformation parameters (Λμ is equivalent to Λ ′μ if their difference is ∂μf for some function f ), so we can impose the gauge fixing condition
so that H˙1˙2˙3 = ∂˙1b˙1.
In this gauge, the field strengths are
The BPS conditions eq.(54)-eq.(55) imply that we can solve B µμ in terms of b˙1 as
by assuming that all other components of B µμ vanish, that is,
The consistency condition ∂μB µμ = 0 implies that all B µ1 's are independent of x˙1. This requirement implies that
where a = 1, 2, ± and
A class of solutions to this equation is given by
for an arbitrary single variable function F and an arbitrary function f depending on x µ only. We also checked that (67) satisfies all equations of motion. In many supersymmetric field theories there are BPS states parametrized by arbitrary functions of light-cone coordinates. Here we see a much larger class of half BPS solutions than we normally expect for a supersymmetry gauge theory.
Light Like BPS
Solutions:
Since the rotation symmetry that rotates x 2 into x˙1 is broken by the C-field background, light-like BPS solutions in the light-like directions x ± ≡ x 0 ± x 2 can be different from the light-like BPS solutions introduced above. For ǫ satisfying
This solution preserves 1/2 SUSY. Its energy density is bounded by
Since H˙1˙2˙3 = 0, we can choose a gauge in which
From H 1μν =0, we obtain
Similarly, from H 0μν = ±H 2μν , we get
where B 0μ can be an arbitrary function on M5. Notice that all configurations obeying the three equations above satisfy all BPS conditions and so they preserve half SUSY. However, as we commented above, even when it is a static configuration (if B 0μ is independent of x 0 ), we still need to check whether it satisfies all equations of motion. In fact, a careful examination of the equations of motion reveals the fact that only the light-like configurations
are genuine BPS states.
Single Scalar Field
In addition to the gauge fields, if a single scalar field, say X 6 , is turned on, the SUSY transformation law eq.(29) reduces to
Imposing the condition
on the SUSY parameter ǫ, we find the BPS conditions
whereμ,ν = 1,1,2,3, and ǫμνλρ is a totally anti-symmetric tensor with ǫ 1123 = 1.
Self-Dual String
A BPS solution of the condition above is already studied in Ref. [17] . 8 This solution preserves one half SUSY and describes coincident M2-branes ending on an M5-brane in large C-field background. We expect it to be a deformation of the self-dual string solution on an M5-brane without C-field background [18] . The M2-branes extend in the X 6 direction and their intersection with the M5-brane is the so-called "self-dual string" extending along the x 2 direction.
The energy density is given by
which can also be expressed as
We did not find an analytic exact solution to the BPS conditions. Instead a perturbative solution can be found since the zeroth order solution is the same as the self-dual string solution on M5-brane without the C-field background. It is
whereμ = 1,1,2,3, and
The integer k is a topological charge of the solution and T M 5 is the tension of the NP M5-brane [4] . While H 02µ is given in (83), other components of the field strength H are determined by the self-duality relation. The gauge potential b can be solved in the gauge in which
as
The sign (±) in the parenthesis in the definition of A is arbitrary, independent of the choice of signs in other expressions. The next order of the perturbative expansion
is given by [17]
In Ref. [4] , the Seiberg-Witten map [7] was generalized to a map between the NP M5-brane theory and the ordinary M5-brane theory [6] with a constant three-form background. Through the generalized Seiberg-Witten map, the string soliton solution in the NP M5-brane theory presented above is shown [17] to be in agreement with that [19, 11] in the ordinary M5-brane theory in constant C-field background up to second order terms in g and θ.
The choice of the (±) sign in Eq.(88) corresponds to the choice of the direction of the Dirac string. At order g 0 , the Dirac string is not physical. The coupling constant g is a not good expansion parameter for studying the fate of the Dirac string since g is associated with the Nambu-Poisson bracket which has higher derivatives. Actually the suitable expansion parameter is gm/a 3 . As a result this expansion is not good when a
Holomorphic Embedding and M5-M5 Intersection
Here we study pure scalar field BPS states with two scalar fields turned on. These include holomorphic embeddings of the M5-brane worldvolume in spacetime. Among them, a special solution represents the configuration of two M5-branes intersecting on a 3-dimensional brane. One of the M5-branes is described as excitations of two scalar fields in the worldvolume theory of the other M5-brane. The solitonic 3-brane solution on M5-brane without C-field background was discussed in [20] . Here we study the 3-brane configurations in the large C-field background. Imposing the condition Γ 6711 ǫ = ±ǫ on the SUSY parameter ǫ, we find the BPS
assuming that X 6 , X 7 depend only on x 1 , x˙1. This class of BPS states preserves 1/2 SUSY. The energy density is bounded by
These BPS states generally describe holomorphic embeddings of the M5-brane in the 11 dimensional spacetime. If we use complex coordinates for both target space and base space
BPS conditions eqs. (99) and (100) are equivalent to
Thus Z is a holomorphic function andZ is an anti-holomorphic function. This holomorphic embedding of M5-brane has in fact a Kähler structure. The induced metric on the embedding is
where we ignored other directions in which the embedding is trivial. This is the metric for the Kähler potential zz + ZZ.
Let us give a few examples of this class of solutions. The first example is given by
where E 1 is an arbitrary constant. This solution represents a tilted flat M5-branes. Due to the presence of the C field background, this solution is not exactly equivalent to the vacuum solution through a spacetime rotation. The second example is given by
where E 2 is an arbitrary constant. This represents a hyperbolic curve in spacetime. The last example is given by
This solution describes the intersection of two M5-branes at a 3-dimensional space. The intersecting 3-brane lies along the directions (0, 2,2,3), and is located at
where the fields X 6 , X 7 diverge. The divergence of X 6 , X 7 represents another M5-brane extending to infinity in the directions of (6, 7).
Deformed Holomorphic Embedding
In the above we considered scalar fields with dependence on the two directions x 1 and x˙1. It is easy to see that analogous results can be easily obtained if we replace the two directions by x 1 and x 2 . But what if we replace them by x˙1 and x˙2?
Imposing the condition Γ 6712 ǫ = ±ǫ on the SUSY transformation parameter ǫ, we find the BPS conditions
First, let us examine the possibility of describing two intersecting M5-branes at a 3-brane located at x˙1, x˙2, without turning on the gauge field. We obtain from the BPS condition (118)
From (113), (114) and (120), we find
This implies that we must turn on gauge fields in order to have nontrivial solutions with g = 0. In other words, the C-field turns on interactions between the gauge fields and the scalar fields such that holomorphic embeddings of an M5-brane are no longer BPS states when the complex coordinate z is x˙1 + ix˙2. One can find BPS states when the gauge field H˙1˙2˙3 is turned on. The energy density of these BPS states are bounded by
An explicit BPS solution is given by
where C 1 and C 2 are the arbitrary constants. This is again a tilted brane. But unlike the tilted brane solution above eq.(108), the C-field background demands that the tilting of the M5-brane turns on the field strength H˙1˙2˙3 at the same time.
Conclusion
In the above we studied BPS states in the NP M5-brane theory, the low energy effective field theory for an M5-brane in a large C-field background. The large C-field background turns on new interactions on the M5-brane worldvolume through the Nambu-Poisson structure, and modifies some of the BPS configurations. We have only considered 1/2 BPS states, and we have not found explicit, nontrivial 1/2 BPS states when three or more scalar fields are turned on. In this section we comment on the significance and implication of our results, as well as potential future research directions. In Sec. 3.1 we found in passing static configurations which do not satisfy all equations of motion but they obey all BPS conditions, demonstrating that BPS conditions do not alway imply equations of motion even for static states. Nevertheless, a hint is hidden in the condition of the SUSY transformation parameter: the condition always involves Γ 0 , e.g. see (53). We do not have any counter-example of the widely accepted folklore when the projection operator defining the preserved SUSY does not involve the time component of Dirac Γ-matrices. On the other hand, there is no rigorous proof that it is impossible to find such counter-examples. In Sec. 3.2, we studied self-dual solitons. The existence of these solutions is already quite interesting by themselves, as soliton solutions of self-dual gauge field theory with non-Abelian 2-form gauge symmetry. It would be great if one could find exact self-dual string solutions. Furthermore, we saw that self-dual solitons on M5-brane depends on its orientation due to the C-field background. It would be interesting to study in more detail this dependence and compare it with the effect of the interaction between C-field and M2-brane worldvolume.
All the known 1/2 BPS states on M5-branes in the absence of C-field background have their counterparts in large C-field background, although they are sometimes restricted to certain directions. We expect that some of the BPS state for C = 0 will be deformed into 1/4 or less BPS states in large C-field background. For example, we commented in Sec. 3.3.2 that the holomorphic embedding of M5-brane in spacetime can be deformed by the C-field background if the scalars depend on at least two of the xμ directions. The only 1/2 BPS states we found in that case as a deformed holomorphic embedding was a tilted M5-brane, with a field strength H˙1˙2˙3 that is consistent with the projection of the C-field on the tilted worldvolume. It will be interesting to study the class of 1/4 BPS states which are deformations of holomorphic embeddings due to the C-field background. The BPS conditions can be viewed as a natural generalization of the notion of holomorphic curves when the complex structure is equipped with a 3-form NP structure.
